Over the past few years many studies have focused on the assessment and understanding of young children's problem solving with respect to elementary addition and subtraction word problems. Two related categories of investigations can be distinguished: Some researchers have collected a rich set of empirical data concerning the level of difficulty of different types of word problems, the strategies children use to solve those problems, and the nature of their errors (e.g., Carpenter & Moser, 1982 , 1984 Ibarra & Lindvall, 1982; Nesher, 1982) , and others have been involved in building explicit models of the knowledge structures and solution processes underlying children's performances on those problems, some of which have been translated into computer programs (e.g., Briars & Larkin, 1984; Kintsch & Greeno, 1985; Riley, Greeno, & Heller, 1983) .
For several years we also have been working on a research project in an attempt to acquire a better understanding of young children's skills and processes with respect to elementary arithmetic word problems. In a longitudinal investigation conducted as part of the project, 30 first graders were individually interviewed three times during the school year; each time they were administered a series of simple addition and subtraction word problems. The present article addresses the following general questions:
1. What appropriate strategies do children use to solve the problems, and how do these strategies develop during the first grade? 2. Does the structure of simple addition and subtraction problems influence children's solution strategies?
We will compare our results with the theoretical analyses and empirical data of related work, especially that of Moser (1982, 1984) . Our findings relating to the difficulty level of the distinct problem types and to the children's errors are discussed elsewhere , in press; De Corte, Verschaffel, & De Win, 1985; Verschaffel, 1984) .
THE CARPENTER AND MOSER STUDY
In the fall of 1978 Moser (1982, 1984 ; see also Carpenter, Hiebert, & Moser, 1981 ) started a 3-year longitudinal study of the strategies used by children to solve different types of addition and subtraction word problems and of the development of these strategies over time. Eightyeight children were individually interviewed eight times: three times each in the first and second grades and twice in the third grade. During each interview the children were administered two addition and four subtraction problems, representing different types from the well-known scheme for classifying word problems according to their underlying semantic structure: Change, Combine, and Compare problems (Riley, Greeno, & Heller, 1983 ).
Carpenter and Moser's scheme for classifying children's solution strategies has two dimensions. First, a distinction is made between additive and subtractive strategies. Second, strategies are arranged according to their level of internalization: material strategies based on direct modeling with fingers or physical objects, verbal strategies based on the use of counting sequences, and mental strategies based on recalled number facts. For a detailed overview of the solution strategies together with a description of the interview procedures used to identify them, see Moser (1982, 1984) . Their main findings can be summarized as follows. First, there was an obvious development in the level of internalization: In the first two interviews the children solved the word problems using mainly material and verbal counting strategies; subsequently they shifted to mental solution procedures based on known number facts. Second, Carpenter and Moser's data yield evidence that children's strategies for solving subtraction problems are significantly influenced by the problem structure. More specifically, the strategies tended to reflect the semantic structure underlying the problem. However, that influence was not found for addition problems, and it is unclear why not. Furthermore, Carpenter and Moser's data concerning the effect of the problem structure on children's solution processes relate almost exclusively to material and verbal counting strategies and not to mental solution strategies.
We will present data from our longitudinal investigation that relate to the following specific questions raised by the work of Moser (1982, 1984 ):
1. Do the solution strategies of the children in our study develop in a way similar to that found by Carpenter and Moser? 2. Does the semantic structure of addition problems influence the children's solution strategies? 3. Does the semantic structure of subtraction problems affect not only their material and verbal but also their mental solution strategies?
DESIGN

Sample
During the school year 1981-1982, 30 first graders from three classes of an elementary school near Leuven participated in the study. The children were individually interviewed three times during the school year: at the very beginning in September, in January, and at the end in June. At the time of the first interview they had received no formal instruction in addition and subtraction. By the second interview they had learned to solve (mentally) numerical addition and subtraction problems with sums up to 10. By the third interview they had received instruction in the basic facts for addition and subtraction problems with sums up to 20.
The key features of the school's instructional program with respect to word problems can be summarized as follows (for more details, see De Corte, Verschaffel, Janssens, & Joillet, 1985). First, word problems showed up in the program only after the second interview, when the children were sufficiently skillful in writing and solving numerical addition and subtraction sentences with small numbers and had mastered reading to some degree. Second, pupils were taught to solve word problems by searching for, writing down, and computing the arithmetic operation "hidden" in the text; it was recommended that they make an arrow diagram of the problem as a graphic aid. Third, in solving the word problems almost no attention was paid to the use of material or verbal counting strategies; the children were strongly encouraged to apply their formal mathematical knowledge and skills. Fourth, a classification of the verbal problems for the instructional program according to the 14 categories of the Riley, Greeno, and Heller (1983) scheme revealed a remarkable one-sidedness: There was a substantial preponderance of Change 1, Change 2, and Combine 1 problems; very few or no Change 3 to 6, Combine 2, or Compare problems appeared.
Tasks
During each interview the child was administered eight word problems: four addition and four subtraction problems (see Table 1 ). The problems were always administered in the same sequence. During the interview a set of 30 small cubes (15 blue and 15 green) and two cardboard puppets representing Pete and Ann were available on the table at which the child was seated. The child was told that the manipulatives could be used as an aid in solving the problems, although using them was not required.
Procedure
Each problem was read aloud by the interviewer, and the child was asked to perform the following tasks: (a) retell the problem, (b) solve it, (c) explain and justify the solution strategy, (d) build a material representation of the story with puppets and blocks, and (e) write a matching number sentence. When the child was unable to solve the problem independently, the interviewer gave some assistance consisting of one or more of the following interventions: (a) rereading the problem, (b) suggesting the use of the blocks, or (c) pointing out a counting error or an error in carrying out an arithmetic operation. If the child still did not find the correct answer, the interviewer switched over to the so-called systematic help procedure: The problem was read sentence by sentence, and the child was asked after each sentence to represent the situation with the manipulatives. Only the strategies of the children who succeeded in solving the problem more or less independently (i.e., without the systematic help procedure) were used in the present analysis.
The interviews were conducted by the second author. All interviews were videotaped and completely transcribed afterwards.
The identification of the child's solution strategy was based on the observation of his or her external solution behavior (finger movements,' manipulations of blocks, whisperings, etc.) or on the child's responses to subsequent questions by the interviewer ("Can you tell me how you solved that problem?" "Did you count forward or backward?" "What number did you start with?" Etc.). Table 2 .. =w .H strategies, which is based on the one developed by Moser (1982, 1984) . However, taking into account the recent literature on the one hand (see e.g., Baroody & Gannon, 1984) and the results of the present study on the other, we were able to refine and complete the Carpenter and Moser scheme. See Verschaffel (1984) for a more detailed and systematic overview of the resemblances and the differences between the schemes.
RESULTS
As we said before, the following discussion is focused on the influence of problem structure on children's solution strategies. However, for clarity, we first summarize the findings concerning some other aspects of solution behavior, namely the development in children's performance and in the level of internalization of the solution strategies during the school year. For more details, we refer to Verschaffel (1984) . Table 3 Table 4 gives, for each of the three interviews, the number and the percentage of material, verbal, and mental strategies used by the children who gave a correct solution more or less independently. The table shows an obvious development in the level of internalization of the solution strategies during the school year. In the first interview the word problems were solved using mainly material strategies, whereas in the third interview there was a preponderance of mental solution strategies. This change is not surprising in view of the strong focus on learning the basic addition and subtraction facts in the instructional program. Nonetheless, even by the end of the school year more than a third of the correct solutions were found by either a material or a verbal counting strategy. The development in the level of internalization of children's solution strategies can also be demonstrated by looking at the number of children who performed more or less systematically at a particular level of internalization-that is, for at least half of the problems they solved correctly. By this criterion 16, 0, and 2 children were classified as material, verbal, and mental problem solvers at the beginning of the school year; 12 children were not classified either because they did not operate systematically at one particular level or because fewer than two problems were solved correctly. In the middle of the school year, the number of material, verbal, and mental problem solvers was 12, 4, and 7; at the end the numbers were 7, 3, and 18. Also according to this criterion, one third of the children did not operate at the mental level at the end of the school year. Similar data concerning children's continuing tendency to use informal strategies have been reported by Carpenter and Moser (1984) and by Lankford (1974) .
Development in Performance
Development in Level of Internalization
Another remarkable result, at first sight, is that relatively few verbal counting strategies were registered. However, in our opinion, the instructional program, in which these verbal strategies are almost entirely disregarded or even discouraged, is again responsible for this finding.
Material Solution Strategies for Addition Problems
In Carpenter and Moser's (1982, 1984) classification scheme for appropriate solution strategies for word problems, only one type of material strategy for addition problems is mentioned, namely counting all with models. In this strategy both sets are represented using physical objects or fingers, and the union of the two sets is counted. Carpenter and Moser (1982, p. 14) admitted that theoretically there are different ways in which this basic strategy can be carried out: Once the two sets have been constructed, they can be physically joined by moving them together or adding one set to the other, or the total can be counted without physically joining the sets. Nevertheless, in their longitudinal study Carpenter and Moser did not systematically collect data on children's manipulations while solving addition problems, because a small pilot study had shown that (a) children generally do not distinguish between those variants in solving addition word problems, and (b) it is sometimes difficult to classify a strategy as clearly representing one of these cases. It is not surprising, therefore, that Carpenter and Moser did not find any relationship between the semantic structure of the two addition problems in their study (Change 1 and Combine 1) on the one hand and children's material strategies on the other.
We analyzed the material strategies for the four addition word problems in our study (see Table 1 ) more closely. This analysis led us to make a distinction between the following three variants of the counting-all-with-models (CAWM) strategy when blocks are used: "* Adding: The child constructs a set of blocks corresponding to the first number in the problem, then adds to this set a number of blocks corresponding to the second number, and finally counts the total number of blocks. "* Joining: The child constructs two distinct sets corresponding to the two given numbers, then moves these sets together with both hands, and finally counts the total number of blocks. "* No move: The child constructs two sets corresponding to the two given numbers and counts the total number of blocks without physically moving the sets.
In our opinion, the first variant of the counting-all-with-models strategy represents best the semantic structure of our Change 1 problem, whereas the second and third variants best represent a dynamic and a static interpretation of our Combine 1 problem (Verschaffel, 1984, p. 188; see also Briars & Larkin, 1984, p.262). Table 5 shows the frequency of these three variants of the counting-allwith-models strategy for the Change 1 and Combine 1 problems among the successful problem solvers during each of the three interviews. These results support the hypothesis that the children's appropriate material solution strategies for the two addition problems were strongly determined by their semantic structure. Indeed, for both problems the great majority of children used the variant of the counting-all-with-models strategy that represented best the action or relationship described in the problem: Almost all the children who solved the Change 1 problem materially applied the adding variant; the Combine 1 problem, on the contrary, was solved mostly by either the joining or the no-move variant. The third addition problem, Change 6, elicited 23 material solution strategies: Blocks were used 18 times, and in the remaining 5 cases fingers were used to represent both sets. The adding, joining, and no-move variants of the counting-all-with-models strategy were applied by 5, 3, and 5 children who used blocks. Interestingly, 5 other children proceeded in a different way with the blocks: They constructed a set of arbitrary size, took away blocks corresponding to the first number, increased or decreased the originally constructed set until it contained as many blocks as the second number, counted the total number of blocks in the two sets, and gave the result as the answer. This solution strategy, which can be considered as a variant of counting all with models, can indeed be conceived as the best material representation of the semantic structure underlying the Change 6 problem.
The fourth addition problem, Compare 3, also elicited 23 material solution strategies. Thirteen of these strategies were one of the first three variants of the counting-all-with-models strategy mentioned above. The others were another material solution strategy, which we called reversed matching (RM) (see Table 2 ). This strategy can be conceived as the complement for compare addition problems of the well-known matching procedure for compare subtraction problems (see Table 2 1984, p. 322 ). This requirement also holds for the other two counting strategies, which are nevertheless more efficient because the child does not recite the entire counting sequence. In counting on from first the child begins counting forward with the first addend mentioned in the problem. In counting on from larger the child starts with the larger of the two given numbers. For problems in which the larger addend is also the second one, counting on from larger is the most efficient strategy. By disregarding the order of the addends and always starting with the larger one, the child reduces to a minimum the number of steps in the cognitively demanding double count; this reduction results in a decrease in solution time as well as in the load on working memory.
With respect to mental strategies for addition problems, Carpenter and Moser (1982, 1984) distinguish only between the use of known facts (KF) involving the two numbers given in the problem, and derived facts (DF), where the answer is derived from a recalled number fact. They do not mention any effect of the semantic structure on the kind of verbal and mental strategies children use to solve addition word problems. Although Carpenter and Moser distinguish between starting from the first addend (F-strategies) and starting from the larger addend (L-strategies) only with respect to counting on, we made the same differentiation for the other verbal strategy (counting all) and for the mental strategies (see Table 2 ). We offer three excerpts from the interviews that illustrate the L-variant of the counting-all, the known-fact, and the derived-fact strategies. Of course, the present study does not provide strong evidence in favor of the hypothesis. Because we did not control the number triples used in the distinct problem types, the effect of the semantic structure was confounded with that of another variable, the size of the difference between the given numbers in the problem. However, a more recent investigation, in which we controlled the influence of this variable systematically, confirmed the findings of the present study (De Corte & Verschaffel, 1987).
Solution Strategies for Subtraction Problems
In Carpenter and Moser's (1982, 1984) classification scheme for strategies for subtraction problems, four material strategies are identified: separating from (SF), separating to (ST), adding on (AO), and matching (M). For the first three strategies parallel verbal counting strategies are distinguished: counting down from (CDF), counting down to (CDT), and counting up from given (CUFG). According to Carpenter and Moser, certain of these strategies naturally model the action or relationship described in a specific subtraction problem: Change 2 problems are most clearly modeled by separating from or counting down from, Change 3 problems by adding on or counting up from given, Compare 1 problems by matching, and Change 4 problems by separating to or counting down to. At the mental-strategy level a distinction is made between known-fact and derived-fact strategies. Although Moser (1982, 1984) acknowledge that further differentiations can be made (such as strategies based on addition vs. subtraction facts), they have apparently not collected data on that aspect. Moser (1982, 1984) found a strong effect of the semantic structure of subtraction problems on children's material and verbal solution strategies; however, they did not obtain a similar effect for mental strategies. This failure is not surprising when one takes into account that in their classification scheme hardly any distinction is made among the mental solution strategies.
In our classification scheme (Table 2) Table 7 gives our classification of the material, verbal, and mental strategies for each of the four subtraction problems for each interview. Our data largely replicate Carpenter and Moser's (1982, 1984) findings with respect to the relationship between material and verbal solution strategies on the one hand and the distinct subtraction problem types on the other: Almost all strategies used to solve the Change 2 problem were separating from or counting down from; for the Change 3 problem, an adding-on or a counting-up-from-given strategy was almost always used; and for the Compare 1 problem, matching was the most frequently used procedure. As in the Carpenter and Moser study, separating-to or counting-down-to strategies were almost totally absent, which is not surprising in view of the omission of the problem type corresponding to such solution strategies-Change 4-from both studies. The only important difference between the two investigations relates to the Combine 2 problem. Carpenter and Moser found that the majority of the children who operated at the material level tended to solve the Combine 2 problem by separating from, and those at the verbal level tended to solve it by counting down from given. In contrast, most of the children in our study used either adding on or counting up from given to solve the Combine 2 problem. A comparison of the statements of the Combine 2 problems in the two studies provides a possible explanation for this remarkable incongruence. In our Combine 2 problem (Table 1) the known subset is mentioned before the superset is given. In Carpenter and Moser's Combine 2 problem ("There are 6 children on the playground; 4 are boys and the rest are Table 7 The Change 3 problem, in contrast, was never solved with a direct subtractive strategy; all 27 mental solution strategies for this problem were indirect additive. Similar results were found for the Combine 2 and the Compare 3 problems. As already noted, these findings suggest that the structure of subtraction problems continues to influence children's solution strategies when they are no longer using material or verbal counting strategies but are operating at the mental level.
DISCUSSION
Carpenter and Moser (1982, 1984) demonstrated that young children apply a great variety of strategies to solve word problems and that these strategies tend to become more internalized over time. Our results confirm their findings. They also showed that children's strategies for subtraction problems are strongly influenced by the semantic structure underlying them. More specifically, children operating at the material and verbal levels tended to solve each subtraction problem with the strategy that most closely models its semantic structure. Our study not only largely replicates those results but also supplements them. Our findings allow us to add the following observations: (a) the solution strategies for addition problems of children operating at the material and at the verbal level are also strongly influenced by the semantic structure of the problems; (b) the relationship between the semantic structure of addition and subtraction word problems and children's strategies for solving them holds not only for the lowest two levels of internalization but also for the mental level, where strategies are based on recalled number facts; and (c) children's strategies for word problems probably depend not only on the semantic structure underlying them but also on the sequence in which the known quantities are introduced in the problem text. The last observation could only be derived as a hypothesis from the data of the present study, but has meanwhile been confirmed in a more recent study (De Corte & Verschaffel, 1987).
Our finding that the influence of the problem structure is even stronger than that described by Moser (1982, 1984) , it could be argued, might have been induced by one aspect of our interview procedure. Specifically, asking the child to represent each problem with puppets and blocks after solving it might have affected the solution of subsequent problems. This might, in part, account for our children's greater attention to the problem structure. This alternative explanation can be refuted, however, by the observation that the influence of problem structure in our study was not stronger for those aspects for which Moser (1982, 1984) found a similar effect, namely the material and verbal solution strategies on subtraction problems.
The identification of the solution strategies was based on the observation of children's external behavior as well as on their retrospections and answers to subsequent probing questions. However, when a problem was solved verbally or mentally, observational data were frequently lacking. In these cases distinctions between verbal and mental strategies on the one hand, and between the different types of solution strategies at both those levels on the other, were totally based on verbal reports. This technique is not without its critics (Ericsson & Simon, 1984; Ginsburg, Kossan, Schwartz, & Swanson, 1983) . For example, one of the main criticisms is that a child may fail to report a considerable part of his or her thinking process (the incompleteness argument). However, one has to keep in mind that our retrospection and subsequent probing questions were directed only toward the global structure of the solution process, not toward its details. This procedure is in accordance with Ginsburg et al.'s (1983, p. 21) statement that retrospection and clinical interview methods are more likely to provide valuable data about the molar aspects than the molecular aspects of problem solving. Moreover, even when one has some doubts whether verbal reports have strong value in revealing real thinking processes, one still has to acknowledge the factual evidence that our children operating at the verbal and mental level reported having applied different strategies for the distinct problem types. Because we are aware of these methodological criticisms, however, we have recently started collecting eye-movement data while children read and solve elementary arithmetic problems, in order to get a more complete and valid picture of those processes (De Corte & Verschaffel, 1986).
We think that the findings of the present study are potentially relevant for early arithmetic instruction. Our descriptions of children's solution strategies may be informative for curriculum developers and teachers attempting to ameliorate current instructional practice. Teachers should be aware that, in solving elementary arithmetic word problems, children apply a great variety of addition and subtraction strategies, some of which are never explicitly taught. Moreover, the finding that, besides the formal mathematical structure, other task characteristics such as the semantic structure strongly influence the solution strategies of children, forces curriculum builders and teachers to pay attention to the selection and formulation of elementary arithmetic word problems.
Our findings give rise to a criticism of the traditional role of word problems in early mathematics instruction (see also De Corte, Verschaffel, Janssens, & Joillet, 1985). In current programs for mathematics instruction in the first grade, word problems are introduced only after children have learned the formal operations of addition and subtraction and can successfully solve related number sentences. In other words, word problems are assigned an application function: It is expected that, through solving them, pupils will learn to apply the acquired formal arithmetic operations to cope intelligently with different kinds of problem situations. One can question whether it is proper to assign to word problems only an application function in elementary mathematics. Indeed, the work reported here has produced evidence that young children who have not yet had instruction in formal arithmetic can solve simple addition and subtraction problems using strategies that model closely the meaning of the distinct problem types. This finding suggests that word problems can, more than has been the case hitherto, be mobilized in the first grade to promote an understanding of, and give deeper meaning to, the formal arithmetical operations of addition and subtraction (see also Carpenter & Moser, 1982, p. 9). However, to accomplish this concept acquisition function, it is probably necessary to introduce more variation in the form in which word problems are presented than is currently the case in educational practice as well as in almost all recent investigations. In this respect, Treffers and Goffree (1985) distinguish between traditional school word problems and what they call context problems. Context problems have the following features: (a) they are not formulated according to a stereotyped text frame; (b) the situations they describe are more attractive for children; and (c) while in solving a traditional school word problem the child may be hindered rather than helped by the activation of his or her real-world knowledge, for the solution of context problems that knowledge is useful and often even necessary.
